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1. INTRODUCTION AND PREL IMINARIES  
Our goal in this paper is to investigate the nonlinear ational difference quation 
axn + ~z,~_ 1, n = 0,1,..., (1) 
Xn+l --~ A -Jr- Xn_ 1 
where the parameters c~, /3, and A and the initial conditions x-1 and x0 are nonnegative real 
numbers. 
When a = 0, equation (1) reduces to a Ricatti difference quation, every solution of which 
converges to a period two solution. When/3 = 0, equation (1) reduces to Pielou's discrete delay 
logistic model. Both equations were investigated in [1]. Thus, we may assume that a,/3 > 0. 
Other nonlinear ational difference quations were investigated in [1-6]. See also [7]. 
The change of variables 
Xn = j3yn 
reduces equation (1) to the difference quation 
PYn + Yn-1 Yn+l = , n = 0 ,1 , . . . ,  (2) 
q + Yn-1 
where 
with 
A 
and q=7'  (3) 
p e (0, o0) and q, Y-l, Yo E [0, cx)) 
aad with q and Y-1 not both zero. 
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Here, we review some results which will be useful in our investigation of the behavior of solutions 
of equation (2). Let I be some interval of real numbers and let 
f : I× I - * I  
be a continuously differentiable function. 
Then for every pair of initial conditions x_ 1, Xo E I, the difference quation 
Xn-bl -~- f (Xn ,  Xn--1), n = 0, 1 , . . .  (4) 
co has a unique solution {xn}n=-l.  
A point Z is called an equilibrium point of equation (4) if 
---- f(4, 4). 
That  is, 
xn = 4, for n > 0, 
is a solution of equation, or equivalently, 4 is a fixed point of f .  
An interval J C I is called an invariant interval for equation (4) if 
x_ 1, x0 E J ~ xn E J, for all n > 0. 
That  is, every solution of equation (4) with initial conditions in J remains in J .  
DEFINITION 1.1. Let 4 be an equilibrium point of equation (4). 
(a) The equilibrium ~2 of equation (4) is called stable if, for every ¢ > O, there exists 5 > 0 
such that / fX_ I ,X  0 E I and [xo - 4] + Ix-1 - 4[ < 5, then 
[x~ - 4 t < e, for ali n >_ -1.  
(b) The equilibrium 4 of equation (4) is called locally asymptotically stable if it is stable and 
/f there exists 7 > 0 such that / fX_ I ,X  0 E I and [Xo - 4[ + Ix-1 - 41 < 7, then 
lim x,~ = 4. 
n ---~OO 
(c) The equilibrium 4 of is called a global attractor if, for every X- l ,  xo E I ,  we have 
lim xn -- 4. 
n ---~OO 
(d) The equilibrium 4 of equation (4) is called globally asymptotically stable/f i t  is stable and 
is a global attractor. 
(e) The equilibrium 4 of equation (4) is called unstable if it is not stable. 
(f) The equilibrium 4 of equation (4) is called a repeller if there exists r > 0 such that if 
x-x,Xo E I and [xo - 4[ + [x-x - 4[ < r, then there exists N >_ -1  such that 
IxN - 41 > r. 
Clearly, a repeller is an unstable equilibrium. 
Let 
p = (e,.~) and q = ~vv (~,~), 
where f (u,  v) is the function in equation (4) and 4 is an equilibrium of the equation. Then the 
equation 
Yn+l = PYn + qYn-1, n = 0, 1, . . .  (5) 
is called the linearized equation associated with equation (4) about the equilibrium point ~. Its 
characteristic equation is 
A s -pA  - q = O. (6) 
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THEOREM 1.1. LINEARIZED STABILITY. 
(a) If both roots of equation (6) have absolute values less than one, then the equilibrium • of 
equation (4) is locally asymptotically stable. 
(b) I f  at least one of the roots of equation (6) has an absolute value greater than one, then 
is unstable. 
(c) Both roots of equation (6) have absolute values less than one if and only if 
[p[ < 1 - q < 2. 
In this case, • is locally asymptoticaJ1y stable. 
(d) Both roots of equation (6) have absolute values greater than one if and only if 
Iqt > 1 and IPl < I 1 -q l .  
(e) 
In this case, • is a repeller. 
One root of equation (6) has an absolute value greater than one while the other root has 
an absolute value less than one if and only if 
p2 +4q > 0 and IP[ > ] 1 - ql. 
In this case, ~, is unstable and is cMled a saddle point. 
The next theorem, from [8], will be useful in establishing the global stability of the zero 
equilibrium of equation (2). 
THEOREM 1.2. (See [8].) Consider the difference quation 
xn+l = fo (xn,xn-1) xn + f l  (xn,xn-1)xn-1, n = O, 1,. . .  (7) 
with nonnegative initial conditions and 
f0, c [I0, E0,1)] 
Assume that the following hypotheses hold: 
(i) fo and f l  axe nonincreasing in each of their arguments; 
(ii) fo(x, x) > 0 for all x >_ O; 
(iii) fo(x,y) + f l (x ,y)  < 1 for all x ,y  E (0, oo). 
Then the zero equilibriurn of equation (7) is globally asymptotically stable. 
Under certain conditions the zero equilibrium • of equation (2) will be a saddle point equi- 
librium. In such a case, the Stable Manifold Theorem in the Plane applies which we briefly 
describe now. Let f be a diffeomorphism in R 2, i.e., one-to-one, smooth, and with a smooth 
inverse. Assume that p e R 2 is a saddle fixed point of f ,  i.e., f(p) = p and the Jacobian JI(P) 
has one eigenvalue s with lsl < 1 and one eigenvalue u with lul > 1. Let vs be an eigenvector 
corresponding to s and let vu be an eigenvector corresponding to u. 
Let S be the stable manifold of p, i.e., the set of initial points whose forward orbits (under 
iteration by f)  converge to p. Let U be the unstable manifold of p, i.e., the set of initial points 
whose backward orbits (under iteration by f )  converge to p. 
Then the Stable manifold theorem states that both S and U are one-dimensional manifolds 
(curves) that contain p. Furthermore, the vectors vs and vu are tangent o S and U, respectively. 
The next two theorems will be used to establish the global attractivity of the positive equilib- 
rium of equation 
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(See [1].) Assume that 
a, b, A c (0, c~) and a <_ Ab. 
Then the positive equilibrium ~, of 
a + bx~ 
Zn+l  - -  A + Xn_  1 ' 
is globally asymptotically stable. 
n = O, 1,.. .  
THEOREM 1.4. (See [5].) Let [a,b] be an interval of real numbers and assume that 
Y: [a, b] × [a, b] [a, b] 
is a continuous function which satisfies each of the following properties: 
(a) f (x ,  y) is nondecreasing in x for each y E [a, b], and f(x,  y) is nondecreasing in y for each 
x E [a, b]; and 
(b) the equation 
f(x,  x) = x 
has a unique positive solution. 
Then equation (4) has a unique positive equilibrium and every positive solution of equation (4) 
converges to ~. 
Finally, we give some basic results about semicycles which can be found in [1]. 
X oo Let • be a positive equilibrium of equation (4). A positive semicycle of a solution { n}n=- I  
of equation (4) consists of a "string" of terms {xl, x l+ l , . . . ,  xm}, all greater than or equal to the 
equilibrium • with l _> -1  and m <_ oo such that 
e i ther l=- i  or l>- i  andxz_ l  <2 
and 
either m = c~ or m < c~ and Xm+ 1 < x. 
X oo A negative semicycle of a solution { n},~=-i of equation (4) consists of a "string" of terms 
{xl, xl+1,.. . ,  Xm}, all less than the equilibrium ~ with l > -1  and m < oo such that  
either l = - 1 or l > - 1 and xz- 1 ~ 
and 
either m = oo or m < oo and Xm+ 1 ~ X. 
2.  LOCAL  STABIL ITY  AND INVARIANT INTERVALS 
The equilibrium points of equation (2) are the solutions of the equation 
PY+Y 
q+~"  
So ~ = 0 is always an equilibrium point of equation (2) and when 
p+l>q.  
Equation (2) also possesses the positive equilibrium ~9 = P + 1 - q. 
The next result follows from Theorems 1.1 and 1.2. 
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THEOREM 2.1. 
(a) Assume 
p+l<_q .  
Then the zero equilibrium of equation (2) is globally asymptotically stable. 
(b) Assume 
p+l>q.  
Then the zero equilibrium of equation (2) is unstable (if q + p < 1 it is a repe//er; ff 
q + p > 1 it is a saddle point) and the positive equilibrium ~ = p + 1 - q of equation is 
locally asymptotically stable. 
It can easily be shown that equation (2) has no nonnegative solutions with prime period two. 
Let f :  [0, c~) x [0, co) ~ [0, oo) denote the function 
f (x ,y )  = 
Then f satisfies the negative feedback condition 
( f (x ,x)  -- x)(x - 5:) < 0, 
px +y 
q+Y 
for x e (0, oo) - {5:}. 
Consider the function g : [0, oo) --* [0, oo) defined by 
g(x) = (p + 1)x 
q+x 
Observe that g(~) = ~ and that g increases on [0, oo). 
The next theorem discusses invariant intervals for equation (2) when p # q. The case p -- q 
will be treated in Section 4. 
THEOREM 2.2. 
(a) Assume that 
p<q.  
If Yn < q/P, then Y,+I < q/P. Fhrthermore, every nonnegative solution of equation (2) 
eventuMIy enters the interval [0, q/p]. 
(b) Assume that 
p>q.  
If y ,  > q/p, then Yn+l > q/P. Furthermore, every nonnegative solution of equation (2) 
eventually enters the interval [q/p, oo). 
PROOF. We will prove Part (a). The proof of Part (b) is similar and will be omitted. Suppose 
p < q and that {Yn}~=-I is a nonnegative solution of equation (2). If y,~ < q/p, then 
Yn+l "= PYn + Yn-1 <_ 1 < q. 
q+ Yn-1 P 
Suppose for the sake of argument that Yn > q/P for all n. Since p < q and Y0 > q/P, 
1 < q- <y0.  
P 
This fact, combined with another application of p < q, yields 
PYo + Y-1 < ryo + Y-lYo. 
Hence, 
PY0 +Y-1 
Yl = <Y0. 
q+Y-1 
It follows by induction that {Y~}~=-I is decreasing. As yn > q/p for all n, 
lim Yn > q 
n---*OO p 
which is a contradiction because quation (2) has no equilibrium point in the interval [q/p, oo). | 
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3. SEMICYCLE ANALYS IS  AND GLOBAL 
ASYMPTOTIC  STABIL ITY  WHEN p < q 
In this section, we discuss the behavior of semicycles of solutions of equation (2) about the 
positive equilibrium ~ = p + 1 - q when 
p<q<p+l .  
Hereafter, ~ stands for the positive equilibrium of equation (2). 
THEOREM 3.1. Assume that p < q < p + 1, and let {Yn}n=- I  be a nonnegative solution of  
equation 2. Then for any n > 0 the following statements are true. 
(a) gf l  < Y,~-I,Yn, then ~ < Yn+l < max{yn- l ,yn} .  
(b) I f yn - l , yn  < fl, then min{yn_l,y,~} < Yn+l < ~2. 
(c) I f  yn < fl <- Y,~-I, then y,~ < Yn+l < Yn-1. 
(d) I f  y,~-I < fl <- Y,~, then Yn-1 < Yn+l < Yn. 
PROOF. 
(a) Suppose ff < Y~-I, Y~. Then 
Yn+l  - -  
PYn + Yn-1 < (P+ 1) max{yn- l ,Yn}  = max{yn- l ,yn} ,  
qTyn-1  - -  1+~ 
and since the function 
increases for p < q, we have 
p~+ x 
q+x 
Yn+l  - -  
PYn T Yn-1 > PY T Yn-1 >g(~) =~.  
q + Yn-1 q + Y , - I  
Observe that all inequalities are strict if we assume that Yn-1 > ~7 or y~ > ~7- 
(b) Suppose Yn- l ,Yn < Y. Then as in the previous case 
Yn+l = PYn + Yn-1 < PY + Yn-1 < g(~) = 
q T Yn-1 q + Yn--1 
and 
PYn + Yn-1 
Yn+l -- > 
q+ Yn-1 
(c) Suppose Yn < Y <- Yn-1. Then 
(p + 1) min{yn_l, y~} 
1+,~ 
-- min{yn-1, y~}. 
Yn+ 1 - -  
PYn +Yn-1 < (P+ 1)yn-1 _ (q+~l)Yn--1 <_ Yn-1. 
q + Yn-1 q q- Yn--1 q q- Yn-1 
Since p < q and Yn < Y, 
q-PYn  > q -PY  = (q -P ) (P+ 1) > 0. 
Thus, (PYn + Y)/(q + Y) increases in y and so 
Yn+l  - -  
PYn J- Yn-1 (p + 1)yn > = g(y,~)  > u,~. 
q + Yn-1 q + Yn 
The last inequality follows from the negative feedback property. 
(d) Similar to Part (c). 
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THEOREM 3.2. Assume that p < q < p + 1. Then every nonnegative solution of equations 
converges to the positive equilibrium fl. 
PROOF. By Part  (b) of Theorem 2.1, the positive equilibrium of equation (2) is local ly asymp- 
totically stable. It  suffices to show that  9 is a global attractor. 
Observe that  ~ < q/p is equivalent o p < q. In view of Part  (a) of Theorem 2.2, we can 
assume that  our solution is in the interval [0, q/p] and that [0, q/p] is an invariant interval for the 
function f .  
Further, it is easy to see that  f is increasing in both x and y on the interval [0, q/p], and that  
is the unique positive solution of f (x ,  x) -- x. Thus, by Theorem 1.4, our solution must converge 
to Y. | 
4 .  SEMICYCLE ANALYS IS  AND GLOBAL 
ASYMPTOTIC  STABIL ITY  WHEN p- -  q 
In this section, we discuss the behavior of solutions of equation (2) when p -- q. In this case, 
9-----1. 
THEOREM 4.1. Suppose that p = q and let {Yn}~=-i be a nonnegative solution of equation (2). 
(a) I fyo = 1, then Yn = 1 for all n > O. 
(b) I fyo > 1, then yn > 1 for a11 n > 0 and lim~-+oo yn = 1. 
(c) I fyo < 1, then Yn < 1 for a/ /n  > 0 and limn-.oo yn = 1. 
PROOF. 
(a) Since p = q and Y0 = 1, 
PYo + Y-1 q+Y-~ 
Y l -  
q+Y-1  q+Y-1  
and it follows by induction that  Yn = 1 for all n > 0. 
(b) Since p = q and Y0 > 1, 
PYo + Y-1 q + Y-1 
Yl - > - -  - 1 
q+Y-1  q+Y-1  
and it follows by induction that  Yn > 1 for all n > 0. 
It remains to show that  l imn-,~ Yn -- 1. Since p -- q and 1 < Y0, 
PYo + Y- 1 qYo + Y- 1Yo 
Yl -- < - Yo. 
qTy-1  q+Y-1  
(c) 
It follows by induction that  {Yn}~=-i is a decreasing sequence and so it must converge to 
y~X. 
Similar to Part  (b). | 
5 .  GLOBAL STABIL ITY  WHEN p > q 
In this section, we discuss the behavior of nonnegative solutions of equation (2) when p > q. 
It is easy to see that, in this case, 
9>1.  
It  is also easy to show that  (1, oc) is an invariant interval for equation (2). 
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LEMMA 5.1. Assume that 
I f  yn >_ 1, then Yn+l > 1. 
enters the interval (1, c~). 
Introducing the subst i tut ion 
yn = 1 + (q + 1)u~, 
we obtain 
(p - q)/(q + 1) 2 + (p/(q + 1))un 
Un+l = 1 -~- Un_ 1 
p>q.  
Furthermore, every nonnegative solution of  equation (2) eventually 
, n = 0 ,1 , . . . .  (8 )  
Obviously, un > 0 since y~ > 1. The asymptotic behavior and the stabil ity character of positive 
solutions of equation (8) was studied in [1]. 
Thus, global attract iv i ty of the positive equil ibrium of equation (2) follows from Theorem 1.3. 
Combining this result with Theorem 2.1(b) produces our final result. 
THEOREM 5.1. I f  p > q, then the positive equilibrium ~ of equation (2) is globaJly asymptotical ly 
stable. 
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